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Abstract : In this paper, the purpose is to investigate the stability and variation of the natural frequency
of a cracked Timoshenko cantilever beam subjected to sub-tangential follower force and a tip mass. In
addition, an analysis of the flutter instability of a cantilever beam according to the change of
slenderness ratio is studied. The governing differential equations of a Timoshenko beam, subjected to an
end tangential follower force, are derived via Hamilton’s principle. The two coupled governing
differential equations are reduced to one-fourth order ordinary differential equation in terms of the
flexural displacement. Finally, the influence of the slenderness ratio, a tip mass on the critical follower
force, and the natural frequency of a Timoshenko beam are investigated. It is found that a difference of
only 29% between the first natural frequency of the Euler beam model and that of the Timoshenko
beam exists in the special case. By using the results of this paper, a judgment base is obtained as
regards the choice of cracked beam models for the effect of the slenderness ratio and sub-tangential
follower force. Furthermore, the effect of crack on the dynamic behavior of beams with a tip mass is

investigated.
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of Beck’s column. Yoon and Kim®

studied the effect of the inertia moment of a tip

1. Introduction behavior

The effect of cracks on the dynamic behavior of ~ Mass on the stability of Beck’s column. Lee et al.

structure elements has been the subject of several
investigations. When a structure is subjected to
damage, its dynamic response is varied due to the
change of its mechanical characteristics. Historically,
Beck” was the first to study the stability of a
uniform  cantilever column subjected to a
compressive follower force at the free end. In 1976,
Kounadis and Katsikadelis® investigated the effects

of the shear deformation and rotary inertia on the
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investigated the influences of the slenderness ratio,
and the

restrained boundary conditions on the critical load

the tangency coefficient, elastically
and the elastic instability of a uniform Timoshenko
beam subjected to an end sub-tangential follower
Dentiko” has

lumped damping and stability of Beck’s column

force. Recently, investigated the
with a tip mass. Also, Rao and Rao® studied the
post-critical behavior of Euler and Beck’s columns
which are resting on an elastic foundation. The
effect of tip mass on the natural frequency of an
elastically restrained column is investigated.”¥ Dado

and Abuzeid” studied a modeling and analysis
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algorithm for cracked beams by considering the
coupling between the bending and axial modes of
vibration. Chondros and Dimarogonas'®'? studied
the effect of the crack epth and position on the
dynamic behavior of a cantilevered beam. They
showed that the increase of the crack depth reduces
the natural frequency of the beam. Also, they used
an energy method and a continuous cracked beam
theory for analyzing the transverse vibration of
cracked beams. Lin'? investigated the direct and
inverse methods on the free vibration analysis of the
simply supported beams with a crack. The method
is based on modeling the beam according to the
Timoshenko beam theory and presents the crack as
a mass-less rotational spring. Choi and Byun'
stuied the sensitivity analysis algorithm for the
natural frequency of a torsional shafting by
expanding the transfer stiffness coefficient method.
The above studies were all mostly about the

stability problem of the beam according to follower

force, tip mass, slenderness ratio, and spring
coefficient. In this paper, the effect of the
slenderness ratio and tip mass on the natural

frequency of a uniform-cracked Timoshenko and
Euler beam subjected to an end sub-tangential
follower force is studied. Generally, choosing which
of two beam models (Euler-Bernoulli beam and
Timoshenko beam model) to wuse is largely
dependent on the beam geometry and the number of
vibration modes. Therefore, the purpose of this
paper is to present a base of judgment for choosing
cracked beam models to achieve a slenderness ratio
effect. Also, the effect of crack depth and position
on the dynamic behavior of beams with a tip mass

and sub-tangential follower force is investigated.
2. Equations of motion
2.1 Timoshenko beam with sub-tangential

follower force
Fig. 1 shows the model of a cracked Timoshenko

beam subjected to sub-tangential follower force and
a tip mass. The magnitude of tip mass is depicted
as M whose moment of inertia of mass is J. x, is
the crack position from the clamped end of a beam.
L is the total length of the beam and 7 is the
sub-tangential parameter with the range 0<n7n<1.
The value n=0 corresponds to a pure dead load
and thus to a Euler buckling problem. The value
n=1 corresponds to a pure follower load and thus
to Beck’s flutter problem. It is noted that the beam
subjected to force with the range 0<n<1 is a
sub-tangential follower force. P, and 7, are the
axial compressive force of magnitude and a pure
follower force of magnitude, respectively. Fig. 2
represents a cross-section of the cracked beam. In
Fig. 2, a is the crack depth, while b and h are the
rectangular cross-section dimensions. Two equations
of motion are derived respectively for the two parts
of the beam separated by the cracked sections.

As a basis for analysis, a uniform Timoshenko
beam should be considered. The equations of motion
for the free bending vibration of a Timoshenko

beam can be written as follows:

2, (0 2z 2 (a,
pr2 P\t “(‘f/t) +kG’A(—6 y(é’t) 71/;(%75))7”—”7‘9 ”(Z“ H_g
ox ox A ot
M
2 2 2
kGA( 8 y(ivt) _ o(a,t) )_Pé‘ y(a;-,t) il y(f,t) —0
ox ox ox ot
)

where, y(v,t) is the transverse displacement and
Y(z,t) is the slope due to bending. The above
equations(l and 2) are coupled. £ and G are the
Young’s and shear modulus, respectively. 7 is the
second moment of area of the cross-section, A4 is
the cross-sectional area, and m is the mass per unit
length of the beam. % is the shear coefficient

depending on the shape of the cross-section and the
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Fig. 1 Beams subjected to forces

M
Fig. 2 Cross section of beam
variation frequency of the beam. The associated

boundary conditions of Timoshenko beam are the

following:

P, =09, =0; a x=0,
L d, , ,

ERp, +J?:0, kGA(y, —,) —(1—n) Py, 3)
d2y

+A1dt22:0; at z=1,

where, a prime (') denotes the z-derivatives and the
number of sub-index is the segment number of
beam due to a crack, respectively. By eliminating
W (z,t) and 2, fourth order

differential equation may be written as follows:

from Equations 1

P )84y a%y

El(l—-——) %Y p?Y
( kGA " gz oz*
14 2 2 (4)
E P a'y { pf}c’? y
i+ ———— | =L | pa+ | T,
P [ kG kGA} oo P RG] e
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where, p is the mass density of the beam material.
It is assumed that the beam undergoes harmonic
motion:

v, (@,t) =Y, ()", (2,t) =6, (@), (5a,b)

where, i= /-1

of vibration. Sub-index n is the number of the

and w; are the angular frequency

segments due to the crack. Substituting equations
(5a,b) into equation (4), one obtains the governing

differential equation of a uniform Timoshenko beam:

(1—w?Br)p+w?(B+1r) I

W (Wpr—1) .
(1—pp) ' Vom0

e =
©)

The dimensionless boundary conditions of a beam

are:
¢, (0)=0, ¥,(0)=0, d¢2(1)—w2j¢(1)=0
dé
dY,(1) dy,(1) @
— = 6,(1) = (1= n)pf——— p? BY, (1) =0.

dg

The dimensionless boundary conditions for the
transverse deflection, bending moment, shear force,
and slope at the cracked section((=¢) of a beam

meanwhile are:

Y, (&)=Y, (&), oz P
*Y, () #*Y,(e) BQY(fgg)
653 —= [)53 - ,k3[¢2 (fg)_d)l (f(»,)]z (9—52

For simplicity, the following dimensionless

quantities are introduced:

,_mbi B, 1 PL”

¢ B 7T wearr T T a2t B
Q)]

oz M
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In this study, the slenderness ratio is s=1/r. The
solutions of the
found to be:

differential equation are easily

Y, (€) = a;sinh (A €) +aycosh (A, €) + aysin (A,€)
(10a)
+a,c0s(N8) ;(0<¢<¢)

Y, (&) = azsinh (&) +agcosh (A, €) +a;sin (A,€)
(10b)
+agos(\E) (e, <€<1)

where
= [ n = [k
and

(lfcu2[7’7")p+w2 (B+r)
(1—pB)

(W*Br—1)
(1-pB)

k= k=K 4

Similarly, for the slope of the deflection curve of

a Timoshenko beam, one can easily derive that:

¢, (&) = qa,sinh (X, €) + g a, cosh (A, €)
(11a)
+gya,8in (W6 — guazcos (M,€) s (0 < €< ¢),

¢, (&) = gagsinh (A, €) + g azcosh (A €)
(11b)
+qzag«gSin (/\25) 7(12“7005()\26) ) (gr = 5 = 1)7

where

q = (1 _pﬁ)/\l +w2ﬁ/)‘1, G = (pﬁ— 1))‘2 +w2ﬁ/A2~

2.2 Crack modeling

The bending vibrations of a uniform Timoshenko
beam are considered in the plane, which is assumed
to be a plane of symmetry for any cross-section.
The additional strain energy due to the crack can be
taken in the form of a flexibility coefficient

expressed in terms of the stress intensity factor,

which can be derived by Castigliano’s theorem in

the linear elastic range. Therefore, the local
flexibility is defined by:
C= 6ﬂ(1—’L)2)Hfa[<yF;2(a)](1a (12)
0

where, v is the Poisson’s ratio and the

dimensionless parameters and #(a) are:

_h _a
Hﬁf’ =
(13)
_ Jtan(© [0.923+0.199(1—sin ()]
Flo)= ¢ s () ’
In this equation, (=wa/2 , H is the

dimensionless height of a beam. The relation of A
and s is defined as H= 12 /s.

In Equation (8), the parameter k, is C '. The
natural frequency of a cracked beam can be
obtained through the following equation of matrix
form:

AX=0, |A|=0 (14)

- 7
where X=[a, a, a; a, a; a5 a; a5 .

3. Numerical results and
discussion

In this study, the effect of sub-tangential follower
force and tip mass on the natural frequency of the
cracked Timoshenko beams according to the
variation of slenderness ratio is investigated. First of
all, the accuracy of the present numerical results
needs to be confirmed. Table 1 represents a
comparison between the present results and the
results of Ref. (13) for the natural frequency of
Timoshenko crack

cantilever beam without a
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Table 1 Natural frequencies of Timoshenko beam

without crack as a slenderness ratio

18 First mode Second mode
’ : present | ref.(14) | present | ref.(14)
107 0 3.52 3.51 22.03 22.03
02 261 2.61 18.20 18.20
0 3.50 3.50 21.46 21.47
0.0004 02 2.60 2.60 17.82 17.82
0 3.46 3.46 19.98 20.01
0.0016 02| 2.58 2.58 16.80 16.82
0 3.40 3.40 18.09 18.14
0.0036 02| 2.55 2.54 15.44 15.48
0 322 3.22 16.16 16.23
0.0064 02| 2.50 2.50 14.00 14.05
0.01 0 3.32 3.32 14.39 14.46
) 02| 244 2.44 12.64 12.70
1.05
3
' 5=11.47
3
o
g 100 ==
I
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g
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e
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(b) Ratio of natural frequencies of beams
Fig. 3 Natural frequency and critical follower force

of Timoshenko beam without a crack

(p=j=0m=1)
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according to the slenderness ratio. These results

show that this study’s findings are in good
agreement with the references for the equal value of
parameters.

Fig. 3 shows the effect of follower force on the
natural frequencies of Timoshenko cantilever beam
without a crack for the first vibration mode. In this
case, pn=3=0 and 7 is 1. The horizontal axis gives
the ratio of natural frequencies (natural frequency of
Timoshenko beam / natural frequency of Euler beam)
while the vertical axis is the slenderness ratio of a

beam. In Fig. 3(a), the natural frequency ratio of

[}
3 12l *5=19.40 —— p=0
c i =5
S P
g \ op=8
=
T 110
3
©
< T
N e
o O -
©
o
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(a) Ratio of natural frequencies of beams

8
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Timoshenko bearn, T

Euler beam

p =631 ¢

Natural frequency (o)
N

2
p =3.51
0 L 1 1
0 3 6 9 12
Follower force (p)
(b) Critical follower force of beams
Fig. 4 Effect of follower force on natural
frequencies and  critical  value  of
Timoshenko beam without crack

(N:L j=0.1, 77:1)
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the case of without follower force is larger than the
case of with follower force in the special range
p<74. In the case of p=9, the natural frequency
of Euler
Timoshenko beam. In Fig. 3, a difference of about

beam is smaller than the case of
3% is found between the first natural frequency of
the Euler beam model and that of the Timoshenko
beam model in the case for s=10. Generally, as the
slenderness ratio is increased, the natural frequency
of cantilever beams is increased. In the case of
p=38, the natural frequency of Timoshenko beam
decreases  monotonically

upon increasing the

slenderness ratio in the range of 10 <s <13.
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Fig. 5 Natural frequency of cracked beams

according to the effect of
(a=0.3,(,=0.4,p=5 and n=0.6)

tip mass

Fig. 4 shows the effect of follower force on the
natural frequency of Timoshenko beam without a
crack and the variation of the natural frequency of
the beams. In these cases, =1, j=1 and 75 is 1.
In Fig. 4, the critical follower force is p=8.88 and
p=6.31 for the Euler beam and Timoshenko beam
models, respectively. Therefore, one must choose the
Timoshenko model in the case of s=20 because the
Euler beam reaches an unstable condition.

Fig. 5 shows the natural frequency of cracked
beams according to the effect of a tip mass.
Generally, as the tip mass and its inertial moment

are increased, the natural frequency of -cracked
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(b) Effect of crack position
Fig. 6 Natural frequencies of beams with sub-
tangential follower force according to crack

effect(j=0.2,,=0.2,p=5 and 1n=0.6)
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of the

moment of a tip mass on the natural frequency

beams is decreased. The effect inertial
change of beams is shown in Fig. 5(a). When the
inertial moment is constant, the natural frequencies
of cracked beams increase monotonically with
The effect of the

slenderness ratio is very low for the range of about

increasing slenderness ratio.
s >40.

Fig. 5(b) represents the effect of tip mass on the
natural frequency of cracked beams. When the value
of the tip mass is constant, the natural frequencies
of cracked beams increase with increasing the
slenderness ratio of cantilever beam.

Fig. 6 shows the effect of a crack on the natural
frequency and slenderness ratio of cantilever beam.
In Fig. 6(a) represents the effect of crack depth on
the natural frequency of beams. When the crack
depth is 0.5, the natural frequencies of Euler beam
and Timoshenko beam have almost equal values. In
the case of «=0.1, the slenderness ratio is
proportionate to the natural frequency of Euler
beam, but it has the inverse tendency for the
Timoshenko beam. The effect of crack position on
the natural frequency of beam is shown in Fig. 6(b).
Generally, as the crack position moves to the end of
the cantilever beam, the natural frequency becomes
low gradually. In this study, however, when the
it has minimum natural

of the effect of

crack position is 0.4,
frequency of beam because
sub-tangential follower force.
Fig. 7 shows the effects of the crack depth and
the sub-tangential coefficient on the natural
frequency of beams. In this case, the slenderness
ratio is 50. As the crack depth is increased, the
effect of sub-tangential coefficient becomes very
low. In Fig. 7, when the natural frequency is 0, the
beams approach an unstable condition. As the crack
depth is increased, the unstable range of beams due

to the sub-tangential coefficient becomes wide.
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Fig. 7 Natural frequency
tangential coefficient(x=0.2, j=0.2,
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4. Conclusions

In this paper, the effect of the slenderness ratio
and tip mass on the natural frequency of a uniform
cracked Timoshenko

sub-tangential follower force is studied. The main

beam subjected to the
results of this study are summarized as follows:

As the crack depth is increased, the unstable
range of beams by the sub-tangential coefficient and
the unstable range of beams by the sub-tangential
coefficient are increased. When the tip mass and its
inertial moment are constant, the natural frequencies
of cracked beams increase monotonically with
increasing slenderness ratio. The effect of slenderness
ratio on the natural frequency of cracked beams is
extremely low at the range of about s >40.

By using the results of this paper, we can obtain
the judgment standard as regards the choice of
cracked beam models for the effect of slenderness

ratio and sub-tangential follower force.
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